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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Quadratic programming

We have:

1
x* = argminEXTQx—xTR

Ax = B
s.t. Cx <D

X x < xT

VARIVA

where x isa n x 1 vector, Q isa n x n matrix, Risa nx 1 vector, Ais a
na X n matrix, B isa ng x 1 vector, C is a nc X n matrix, D isa nc x 1
vector, and x~ and x™* are two n x 1 vectors
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Quadratic form

A quadratic form is a polynomial with terms all of degree two

QF (X17 .. ,X,,) = i i aj jXiXj = x| Ax

i=1 j=1
1 7 T AT 1 1 T 1 1
Qf(xl,...,xn)zﬁ(x Ax +x A x):§x (A+A )XZEX Qx

Generalized quadratic form

QF (x;Q,R,c) = %XTQX —x'R+c
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Quadratic form

Main properties

Thierry Roncalli

- QF (w; Q,R,c) = QF (w; ¢Q, R, ©c)
QF (x; Qu, Ri, 1) + QF (x; Q2, Rz, @2) =
QF (x; Q1+ @2, R1 + Ro, a1 + @)

QF (x —y; Q,R,c) = OQF (x; Q,R+ Qy, 2y " Qv +y R+ ¢)
QF (x —y;Q,R,c) = OF (y; R, Rx — R, %XTQX—XTR+ c)

1 ., |
5 D e qix? = QF (x;D(q),0,,0) where g = (q1,...,q,) is a
n x 1 vector and D (q) = diag (q)

% S qi(xi—yi) = QF (xD(q),D(q)y. 1y TD(q) y)

1

5 (71 ax)” = QF (x: T (9)..0,,0) where 7 (q) = qq

% (i (i —y) = QF (T (q).T(q)y. 3y T (q) )
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Quadratic form

Main properties

We note w = (w1, ...,wn) where w; = 1{i € Q}

1
Qo 5 D ica gix? = QF (x;D(woq),0,,0)

1 2
Qo EZ,'EQ di (Xi_)/i) —

1
OF (xiD(w0a).D(wo )y, 3y D(wea)y)
1 2
o 5 (ZieQ ini) — QF(X;T(W O Q),On,O)
1 2

Q 5 (Yicqai(xi—yi) =
QF (X; T(wogq),T(woq)y, %yTT(w o Q)y)

Q@ D(wogq)=diag(woq)=D(w)D(q)
O T(woq)=(woq)(wogq) = (wwT)oqq" =T (w)oT(q)
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolio

Basic optimization problems

Mean-variance optimization

The long-only mean-variance optimization problem is given by:

1
w™ = argmin §WTZW—’}/WT/L

; 1'w=1
> 0, <w<1,

where:
e v is the risk-tolerance coefficient

o the equality constraint is the budget constraint (> .7, w; = 1)

e the bounds correspond to the no short-selling restriction (w; > 0)

QP form
Q=X R=vu, A=1! B=1,w =0,and wr =1
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolio

Basic optimization problems

Tracking error optimization

The tracking error optimization problem is defined as:
* 1 T T
w* = argminSw w—w' (yu+ Xb)
; 1'w=1
> 0, <w<1,

QP form
Q=YX |R=yu+Xb|,A=1) B=1, w =0,and wt =1

= Portfolio replication: |R = X b
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Specification of the constraints

Sector weight constraint

@ We have

- e of
ss< ), wi<s

I€ESector;

@ s; is the n x 1 sector-mapping vector: s; j = 1 {i € Sector;}

@ We notice that:
> s

i€ESector;

@ We deduce that:

- < s —slw < —s

s. < E wi < 5T & J N J — 7
i = =2 slw<s'

i€Sector; J J

QP form
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Portfolio optimization in practice Quadratic programming (QP) problem

Equity portfolios
Bond portfolios

Specification of the constraints

Score constraint

@ General constraint:

Z wsS >8 o -STw< -8

=1
QP form
o C=-8"
o D=-8"

Thierry Roncalli
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Specification of the constraints

Score constraint

@ Sector-specific constraint:

Y wS>8 & ) 1{ic Sectorj} wS; > 8}

I€ESector; i=1

n
— ZS;JW,‘S,‘ > Sf

=1
n

~ Z w; - (S,',_,'S,') > Sjk
=1

S (SJ'OS)TW > 8](

QP form

o C=—(s;08)"
o D=-8
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Example #1

@ The capitalization-weighted equity index is composed of 8 stocks

@ The weights are equal to 23%, 19%, 17%, 13%, 9%, 8%, 6% and
5%

@ The ESG score, carbon intensity and sector of the eight stocks are
the following:

Stock  #1  #2 #3 #4  #5 76 47  #8

S —-1.20 080 275 160 —-275 —-130 090 -—-1.70
CT 125 75 254 822 109 17 341 741
Sector 1 1 2 2 1 2 1 2
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Example #1 (Cont'd)

@ The stock volatilities are equal to 22%, 20%, 25%, 18%, 35%, 23%,
13% and 29%

@ The correlation matrix is given by:

/ 100% \
80% 100%

70%  75% 100%

60% 65% 80% 100%

70% 50% 70%  85% 100%

50% 60% 70% 80% 60% 100%

70% 50% 70% 75% 80% 50% 100%

\ 60% 65% 70% 75% 65% 70% 80% 100% )
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

QP problem

@ We have:

BN
S
|
vy

s.t. Cw

IAIA
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios

Bond portfolios

Equity portfolios

Objective function

Qo Using Z,"j = (C,"J'O','O'j, we obtain:

Q=Y =10"*x
(484.00 352.00 385.00 237.60 539.00 253.00 200.20 382.80\
352.00 400.00 375.00 234.00 350.00 276.00 130.00 377.00
385.00 375.00 625.00 360.00 612.50 402.50 227.50 507.50
237.60 234.00 360.00 324.00 535.50 331.20 175.50 391.50
539.00 350.00 612.50 535.50 1225.00 483.00 364.00 659.75
253.00 276.00 402.50 331.20 483.00 529.00 149.50 466.90
200.20 130.00 227.50 175.50 364.00 14950 169.00 301.60
\382.80 377.00 507.50 391.50 659.75 466.90 301.60 841.00 )

Thierry Roncalli

Course 2022-2023 in Sustainable Finance

14 / 117



Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Objective function

@ We have:

( 3.74 \

3.31
4.39
I X i
R=xb=| [ca | *10

3.40
2.02

\ 4.54 |
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Constraint specification (bounds)

@ The portfolio is long-only

QP form
o w =03
o wh =154
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Constraint specification (equality)

@ The budget constraint Z?:l w; = 1 = a first linear equation
AOW = BO

QP form

o Ap =14
o Bh=1
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Constraint specification (equality)

@ We can impose the sector neutrality of the portfolio meaning that:

> w= Y b

I€ESector; i€Sector;

The sector neutrality constraint can be written as:

QP form

o Ai=s{ =(1 1 0 O
o Ao=s, =(0 0 1 1
® Bl:SIb:ZiESectorl bi
¢ BQ:S;_b:ZiESectorz bi
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Constraint specification (inequality)

@ We can impose a relative reduction of the benchmark carbon
Intensity:
CZ(w)<(1-R)CZ(b)e GGw < D

QP form

o C; =CZI' (because CZ(w)=CZ'w)
o D1 =(1—R)CZ(b)

@ We can impose an absolute increase of the benchmark ESG score:

S (w) > S (b) + AS*

Since S (w) = 8" w, we deduce that Gw < D,

QP form

o & =-8"
o Db =—(S(b) + AS™)
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Combination of constraints

Set of Carbon ESG Sector

: : : : A B C D
constraints intensity score neutrality
#1 v Ao Bo G D,
#2 v Ao Bo C2 D2
G| [ Dy
#3 v v Ao Bo | | D
Ao B, -4 -
44 v v v A, B, o o
Ay B> SR T
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Portfolio optimization in practice

Equity portfolios

Results

Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Table 1: R =30% and AS™ = 0.50 (Example #1)

Benchmark Set #1 Set #2 Set #3 Set #4
wy 2300 18.17 2503  8.64  12.04
w3 10.00 2425 1425 2927  23.76
Wi 17.00 16.92 2195 26.80  30.55

o W} 13.00 270 2730 148  2.25
Weights (in 7) w;i 000 1231 372 1063 851
we 800 1123 134 630  10.20

W 6.00 1128 168 16.87  12.69

W 500 315 474 000  0.00

o (w* | b) (in %) 000 050 118  1.00 212

CT (w*) 261.72 18320 367.25 183.20 183.20

R (w* | b) (in %) 30.00 —40.32  30.00  30.00

Statistics S (w*) 017 005 067 067  0.67
S (w*) — 8 (b) —0.12 050 050  0.50

w* (Sectory) (in %)  57.00 66.00 44.67 65.41 57.00

w* (Sectory) (in %)  43.00 34.00 55.33 3459  43.00

Thierry Roncalli
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

@ The carbon intensity of the j*" sector within the portfolio w is:

CZ (w; Sector;) = Z w;CZ;

i€ESector;

where w; is the normalized weight in the sector bucket:

Wi

~

Wi

Z k€ Sector; Wk

@ Another expression of CZ (w; Sector;) is:

ZiESectorj w;CZ; - (Sj o CI)T w

. T
ZiESectorj Wi sj w

CZ (w; Sector;) =
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

o If we consider the constraint CZ (w; Sector;) < CZ7, we obtain:

(*) & CI(w;Sector;) <CI?

=3 (sjoCI)TWSCIf (SJ-TW)
& ((sjoCT)—CI's)) w<0
& (sjo(CT-cTy)) w<o
QP form
o C=(sjo(CT—-cz}))’
o D=0
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

Example #2

@ Example #1

@ We would like to reduce the carbon footprint of the benchmark by
30%

@ We impose the sector neutrality )
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

QP form
11111111
oA=|1 1001010
00110101
100%
o B= 57%
43%
o C= (125 75 254 822 109 17 341 741 )
o D =183.2040
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

@ The optimal solution is:
w”* = (21.54%, 18.50%, 21.15%, 3.31%, 10.02%, 15.26%, 6.94%, 3.27%)

o o(w* | b) =112 bps
o CZ (w*) =183.20 vs. CT (b) = 261.72
BUT

CZ (w*; Sector;) = 132.25 ersus CZ (b; Sector;) = 128.54
CZ (w*; Sector,) = 250.74 Verst CZ (b; Sector,) = 438.26

The global reduction of 30% is explained by:
@ an increase of 2.89% of the carbon footprint for the first sector

@ a decrease of 42.79% of the carbon footprint for the second sector
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

@ We impose R; = 20%

QP form

cz'
o C = T —
(s10(CZ — (1 —R1)CZ(b; Sectory)))
125 75 2b4 822 109 17 341 741
22.1649 —27.8351 O 0 6.1649 0 238.1649 O

o D — ( 183.5040 )
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Equity portfolios

Dealing with constraints on relative weights

@ Solving the new QP problem gives the following optimal portfolio:
w* = (22.70%, 22.67%, 19.23%, 5.67%, 11.39%, 14.50%, 0.24%, 3.61%)

o o(w* | b) =144 bps
o CZ(w*)=183.20

o CZ (w”; Sector;) = 102.84 (reduction of 20%)
o CZ (w™;Sector,) = 289.74 (reduction of 33.89%)
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Risk measure of a bond portfolio

@ We consider a zero-coupon bond, whose price and maturity date are
B(t, T)and T:

B:(t, T) = o~ (r(t)+s())(T—t)+L(t)

where r(t), s(t) and L(t) are the interest rate, the credit spread
and the liquidity premium

@ We deduce that:

dinB(t, T) = —(T —1t)dr(t)— (T —1t)ds(t)+dL(t)
= —Ddr(t)—(Ds(t)) is((tt;) +dL(t)
= —Ddr(t) — DTS (¢) ds (1) +dL(t)

s (t)

where:

o D =T — t is the remaining maturity (or duration)
o DTS (t) is the duration-times-spread factor
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Risk measure of a bond portfolio

o If we assume that r(t), s(t) and L(t) are independent, the risk of
the defaultable bond is equal to:

ds (t)
s (t)

o?(dIn B(t, T)) = D?c?(dr (t))+DTS (t)° o2 ( >+02 (dL (1))

@ Three risk components

o2 (dInB(t, T)) = D?c% + DTS (t)* 02 + o3

— The historical volatility of a bond price is not a relevant risk
measure
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

@ Duration risk: i
— Z W, MD,
i=1

@ DTS risk:
DTS (w) = ZW, DTS;

@ Clustering approach = generalization of the sector approach, e.g.
(EUR, Financials, AAA to A—, 1Y-3Y)

@ We have:
Z w; MD,

i€ESector;

and:
DTS (w) = Z w; D'TS;

i€Sector;
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization

Without a benchmark

Objective function without a benchmark

We have:
SOMD NSector 5
w* = argmin > Z (MDJ- (w) — MDJ*) +
j=1
QO NSector 5 n
DzTS )" (DTS, (w) —DTS})" =Y wc;
j=1 i=1
where:
@ ovp > 0 and oprg > 0 indicate the relative weight of each risk
component
@ C; is the expected carry of bond / and 7 is the risk-tolerance
coefficient
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

QP form

w* = argmin QF (w; Q, R, c)

. 1'w=1
> 0, <w<1,

where QF (w; Q, R, ¢) is the quadratic form of the objective function
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

We have:
1 2 1 °
5 (MD; (w) = MDf)" = 2 (Z;esecmq w; MD; —MD})
1 [ :
— 5 (;s;,jw, MD, — MDf)
1 [ : 1
2
= - (Z sij MD; W,-) —w ' (sj o MD) MDJ +2 MD;
=1

1 2
= OF (W;T(SJOMD),(SJ OMD) MD}(7§MD;>

where MD = (MDyq,...,MD,) is the vector of modified durations and
T (u) = uu'
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

We deduce that:

NS ector

1
2 Z (MD; (w) — MDJ*)2 = QF (w; Qup, Rvmp, cvmp)
=1

where:
( NSector

Qup = Y T (sjoMD)
j=1
NSector
< RMD = Z (SJOMD) MDJ*
j=1
NSector

1 2
CMID — 5 z; MDJ-
J:

\
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

In a similar way, we have:
.
- Z (DTS; (w) — DTS?)” = QF (w; Qors, Rors; coTs)

where:

NS ector
QDTS = Z T (sj o DTS)

j=1
NS ector

< RMD = E (Sj O DTS) DTSJ*
j=1
nSector

Z DTS}

N | =
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

We have:

—7 3" wiC = YQF (w: 0,,,C,0) = QF (w; 0,7, 0)

=1

where C = (Cq,...,C,) is the vector of expected carry values
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
Without a benchmark

Quadratic form of the objective function

The function to optimize is:

QF (w; Q,R,c) = oumpQF (w; Qup, Rvp, cvmDp) +
epTs QF (w; Qpts, RoTs, coTs) +
QF (w;0,.,,7C,0)

where:
Q@ = oMmp Qb + ¢pTs DTS

R = vC + ¢omp Rvp + ¢pTsRpTs
C = OMDCMD + YDTSCDTS
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

@ The MD- and DTS-based tracking error variances are equal to:

NS ector 2
Rwmp (W | b) — O-l%/[D (W | b) — Z (ZIESector- (Wi B bi) MDI)
j=1 J
and:
NS ector 2
7zDTS (W ‘ b) — 0]23TS (W | b) — Z (ZIESector- (Wi B bl) DTSI)
j=1 J
This means that MDf = Z,GSectorj bj MD; and

DTSf = ZiESectorj b; DTS;.
@ The active share risk is defined as:

n

Ras (w | b) = o3g (w | b) =) (w; — b;)*

i=1
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

Objective function with a benchmark

The optimization problem becomes:

1 n
w* = argmin §R(W | b) —Wg(w,- — b;) C;
. 1'w=1
> 0, <w<l1,

where the synthetic risk measure is equal to:

R(w | b) = pasRas (w | b) + onpRup (W | b) + ¢prsRprs (w | b)
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

We can show that

w* = argmin QF (w; Q(b),R(b),c(b))
. 1'w=1
> 0, <w<1,
where:
Q (b) = wasQas (b) + ©vp Quip (b) + ¥pTs @pTS (b)
R (b) = ~C + ¢asRas (b) + onp Rup (b) + wpTs Rors (b)
c(b) = vb'C + pascas (b) + ovpevp (b) + ¢prseps (b)
1
Qas (b) = I, Ras (b) = b, cas (b) = §bTb, Qv (b)) = Qup,
1
Ruvp (b) = Quipb = Rup, cup (b) = EbTQMDb = CMD,
Qprs (b) = @prs, Rpors (b) = Qprsb = Rprs, and
cprs (b) = EbT (pTsb = cprs
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

Example #3

We consider an investment universe of 9 corporate bonds with the
following characteristics?:

Issuer H#1 #H#2 #3 HA4 H#5 HO6  HT #8  #9
b; 21 19 16 12 11 8 §) 4 3
CZ; 111 52 3069 157 18 415 17 253 900
MD; 316 648 354 923 6.40 230 8.12 7.96 548
DTS; 107 255 75 996 289 45 620 285 125
Sector 1 1 1 2 2 2 3 3 3

We impose that 0.25 x b; < w; < 4 x b;. We have pag = 100,
ovD = 2b and oprg = 0.001.

aThe units are: b; in %, CZ; in tCO2e/$ mn, MD; in years and DTS; in bps
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

The optimization problem is defined as:

1
w*(R) = argminEWTQ(b)W—WTR(b)
(1lgw=1
ot J CI'w<(1-R)CI(b)
b
— < w<4b
\ 4

where R is the reduction rate
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Bond portfolio optimization
With a benchmark

Since the bonds are ordering by sectors, Q (b) is a block diagonal matrix:

Q1 03x3 0343
Q(b) = 03x3 @ 0343 | x10°
033 03x3 @

where:
0.3611 0.5392 0.2877 3.2218 1.7646 0.5755
R = 0.5392 1.2148 0.5926 , Qo = 1.7646 1.2075 0.3810
0.2877 0.5926 0.4189 0.5755 0.3810 0.2343
and:

21328 1.7926 1.1899
Q= | 1.7926 1.7653 1.1261
1.1899 1.1261 0.8664

R (b) = (2.243,4.389,2.400,6.268,3.751,1.297,2.354,2.120, 1.424)
x 102
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Equity portfolios

Bond portfolios

Bond portfolio optimization
With a benchmark

Table 2: Weights in % of optimized bond portfolios (Example #3)

Portfolio #1 #2 #3 #4 #5 #6 H#T7 #8  #9
b 21.00 19.00 16.00 12.00 11.00 8.00 6.00 4.00 3.00
w* (10%) 21.92 19.01 1553 11.72 11.68 7.82 6.68 4.71 0.94
w* (30%) 26.29 20.24 1090 10.24 16.13 3.74 921 250 0.75
w* (50%) 27.48 2397 400 694 2270 2.00 11.15 1.00 0.75
Table 3: Risk statistics of optimized bond portfolios (Example #3)
Portfolio  ASsector MD(w) DTS(w) oas(w|b) owmp(w|b) oprs(w]|b) CI(w)
(in %)  (in years)  (in bps) (in %) (in years) (in bps) gCO,e/$
b 0.00 5.43 290.18 0.00 0.00 0.00 184.39
w* (10%) 3.0 5.45 203.53 2.62 0.02 3.80 165.95
w* (30%)  14.87 5.58 303.36 10.98 0.10 14.49 129.07
w* (50%) 28.31 5.73 302.14 21.21 0.19 30.11 92.19
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Bond portfolios

Bond portfolio optimization
With a benchmark

Figure 1: Relationship between the reduction rate and the tracking risk
(Example #3)

ASseetor (w | b) (in %) MD (w) (in years) DTS (w) (in bps)
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40 6.3 340
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6 320
20
10 5.7 300
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0 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
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’

20 40
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

@ QP: n <5000 (the dimension of Q is n x n)
o LP: n > 10°

@ Some figures as of 31/01/2023

MSCI World Index (DM): n = 1508 stocks

MSCI World IMI (DM): n = 5942 stocks

MSCI World AC (DM + EM): n = 2882 stocks
MSCI World AC IMI (DM + EM): n = 7928 stocks

o Bloomberg Global Aggregate Total Return Index: n = 28799
securities
o ICE BOFA Global Broad Market Index: n = 33575 securities

@ Trick: L>-norm risk measures = Li-norm risk measures
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Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

We replace the synthetic risk measure by:
D(w | b) = ¢rsDas (w | b) + oypDPup (w | b) + ¢prsPors (w | b)

where:

1 n
Das(w | b) = 5Z|W,-—b,-|
i=1

NS ector

DMD (W ‘ b) — Z ZiGSectorj (Wi B bl) MDI

j=1

NS ector

DDTS (W ‘ b) - y: y:iESector- (Wi N bl) DTSI

Jj=1
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

The optimization problem becomes:

w™ argminD (w | b)—fyZ(W,-—b,-)C,-
i=1

1T
S.t. { 0:

IN
S
IN

1,
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Portfolio optimization in practice

Quadratic programming (QP) problem

Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

Absolute value trick
If ¢c; > 0, then:

mian,-|f,-(X)| + g (x) & <

=1

/

n
min Z ¢ii + & (x)
i=1

. <
ot {If:(X)\_T’
\

7','20

The problem becomes linear:

i(x)| <7ie -7 <

Thierry Roncalli

fi () AN fi(x) <7

o
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

Linear programming

The standard formulation of a linear programming problem is:

x* = argminc'x

Ax =b
s.t. Cx<D
xT < x < xT

where x isa n x 1 vector, cisa n x 1 vector, Aisa na X n matrix, B is a
na X 1 vector, C is a nc X n matrix, D is a nc x 1 vector, and x~ and
xT are two n x 1 vectors.
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Advanced optimization problems

Large bond universe

We have:
1 NS ector NS ector
w* = argmin §SOAS ZT: w + O\Mp Z Tj,MD + ¢Db1s Z 7j,DTS —
=1 Jj=1 j=1
n
DMCEY
=1
( lnTW =1
0, <w<l1,

Wi — bl‘ < Ti,w
St ZiESectorj (Wi o bl)

ZiESectorj (Wi B
Tiw > 0,7,mMp = 0,7, pTrs = 0

i MD

\
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Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

< Tj,MD

*) & w; — b;) MD;
( ) |Zi68ectorj( : I) :
& =T < w; — bj) MD; < 7;
JMD = ZiGSectorj( : ’) r="1,MD
& =T b; MD; < w; MD; < 7;
j;MD ZIESeCtorj I b= ZiESectorj I i S Tj,MD
> bi MD;
I€ESector;

&  —7mp +MD? < (s;0MD)' w < 7jmp + MD?

(Sj o MD)T W — T; MD < MDJ*
—(sjoMD)" w —7jup < — MD?
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Equity portfolios
Bond portfolios

Advanced optimization problems

Large bond universe

(SJ' o DTS)T W — T; DTS < DTSJ*

i — b)) DTS;| < 7jp1s <
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ x is a vector of dimension ny, =2 X (n + Ngector):

w
Tw
TMD
TDTS
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ The vector c is equal to:

(e
L
— 2 AS+n
SO{VID]'nSeCtor
SprslnSector )
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ The linear equality constraint Ax = B is defined by:

A=(1] o] ol __ o )

NS ector NS ector

and:
B=1
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ The linear inequality constraint Cx < D is defined by:

( In o In 0n7n5ector OnanSector \

_In _In OnanSector OnanSector
C — CMD OnSectoran T NS ector OnSectoranSector
T CMD OnSectoran " 'nsector NSector y NS ector
CDTS 0”8 ector s N 0”8 ector y NS ector o /nS ector
T CDTS OnSeCtoran NS ector y NS ector " 'nsector )

end:
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ Cyp and Cprg are two ngector X N mMatrices, whose elements are:

(Gup);,; = sij MD;

and:
(Cors);,; = si,; DTS,
o We have:
MD* = (MD7,...,MD;_ )
and

DTS* = (DTS, ..., DTS;_ )

NS ector
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
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Advanced optimization problems

LP formulation

@ The bounds are:

and:
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Portfolio optimization in practice Quadratic programming (QP) problem
Equity portfolios
Bond portfolios

Advanced optimization problems

LP formulation

@ Additional constraints:

Aw =B’ ( A" 0h,n—n )X:B’
& !
C'w <D (C" Opyny—n )x <D
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Large bond universe

Toy example

We consider a toy example with four corporate bonds:

Issuer #1  #2 +#3 +H4
b; (in %) 35 15 20 30
CZ; (in tCOe/$ mn) 117 284 162.5 359
MD; (in years) 3.0 5.0 20 6.0
DTS; (in bps) 100 150 200 250
Sector 1 1 2 2

We would like to reduce the carbon footprint by 20%, and we set
Pas = 100, oyp = 25 and hpg =1
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Advanced optimization problems

Large bond universe

We have n = 4, ngector = 2 and:

X = (W1, Wo, W3, W477_W17TW27TW377-W477_MD17TMDzaTDTslaTDTSQ)
A\ 7\ N\ J N\ _/
w Tw TMD TDTS

Since the vector C is equal to 04, we obtain:

c = (0,0,0,0,50,50,50,50,25,25,1,1)
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Large bond universe

The equality system Ax = B is defined by:
A=(1 1110000000 0)

and:
B=1
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Advanced optimization problems

Large bond universe

The inequality system Cx < D is given by:

(. N B SR ¥ S \
—1Iy =y 014

R T S o ER ) R R B R

0 0 2 619 ' 0 -1 0 0

-3 -5 0 o, * -1 0, 0 0

C = 0 0 —2 —6 | 0 =111 0 0
100 150 0 0! "0 o0ol-1 o0

0 0 200 2501, 1+ O 0 0 -1

—~100 —150 0 0 44 0 0!-1 0

0 0 —200 —250, 0 0, 0 -1
\" 117 284 1625 359 70, 0 0" 0 0 )

and:
D = (0.35,0.15,0.2,0.3, —0.35,-0.15,-0.2, —0.3, . ..

1.8,2.2,—-1.8,-2.2,  57.5,115,—57.5,—115,  179)
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Advanced optimization problems

Large bond universe

@ The last row of Cx < D corresponds to the carbon footprint
constraint

@ We have:
CZ (b) = 223.75 tCO%e/$ mn

and:

(1 —R)CZI (b) = 0.80 x 223.75 = 179.00 tCO»e/$ mn
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Large bond universe

We solve the LP program, and we obtain the following solution:

w* = (47.34%,0%,33.3%,19.36%)
o= (12.34%,15%, 13.3%, 10.64%)
mo = (0.3798,0.3725)
e = (10.1604,0)
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Advanced optimization problems

Large bond universe

@ Interpretation of 7:

47.34% - 12.34% 35%

e _ | 0.00% + 15.00% | _ | 15% | _,
w 33.30% - 13.30% 20%
19.36% + 10.64% 30%

@ Interpretation of 7p:
ZiESectorl Wi* MDI + 7_* _ 1.42 + 0.38 _ 1.80 _ MDI
D ieSector, Wi MD; MD 1.83 + 0.37 2.20 MD}

@ Interpretation of 7jpg:

ZiGSectorl Wi* DTSI 4 - _ 47.34
' Wi i .
ZIGSGCI’OI’Q I* DTS DTS 115.00

10.16 \ [ 5750 \ [ DTS}
0.00 ) — \ 11500 ) ~ \ DTS}

-
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Example #4 (Example #3 again)

We consider an investment universe of 9 corporate bonds with the
following characteristics?:

Issuer H#1  #2 #3 HA4 H#5 HO6  HT H#8  #9
b; 21 19 16 12 11 8 §) 4 3
CZ; 111 52 3069 157 18 415 17 253 900
MD; 316 648 354 923 6.40 230 8.12 7.96 548
DTS; 107 255 75 996 289 45 620 285 125
Sector 1 1 1 2 2 2 3 3 3

We impose that 0.25 x b; < w; < 4 X b; and assume that
©as = pas = 100, opp = wmp = 25 and pprg = pppg = 0.001

?The units are: b; in %, CZ; in tCO2e/$ mn, MD; in years and DTS; in bps
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Large bond universe

Table 4: Weights in % of optimized bond portfolios (Example #4)

Portfolio #1 2 #3 +#4 #5 #6 7 #8  #9
b 21.00 19.00 16.00 12.00 11.00 8.00 6.00 4.00 3.00
w* (10%) 21.70 19.00 16.00 12.00 11.00 8.00 7.46 4.00 0.84
w* (30%) 34.44 19.00 4.00 11.65 1198 6.65 7.52 4.00 0.75
w* (50%) 33.69 1937 400 391 2482 200 10.46 1.00 0.75

Table 5: Risk statistics of optimized bond portfolios (Example #4)

Portfolio  ASsector MD(w) DTS(w) oas(w|b) oup(w|b) oprs(w|b) CI(w)

(in %)  (in years)  (in bps) (in %) (in years) (in bps) gCO,e/$
b 0.00 5.43 290.18 0.00 0.00 0.00 184.39
w* (10%) 2.16 5.45 297.28 2.16 0.02 7.10 165.95
w* (30%) 15.95 5.43 300.96 15.95 0.00 13.20 129.07
w* (50%) 31.34 5.43 268.66 31.34 0.00 65.12 92.19
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Portfolio decarbonization

Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

Threshold approach

The optimization problem is:

1

w* = argminE(W—b)TZ(W—b)
(1lw=1
w € Q
s.t. <« 0, <w<1,
| CZ(w) < (1-R)CZ(b)
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Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

Order-statistic approach

o CZ,;., is the order statistics of (CZy,...,CZL,):
mnCZL; =CZL,<CLl,,<.---<CZL;,<.--<CZ,,=maxCZ;
o The carbon intensity bound CZ{™") is defined as:
CZ!™" = CL,mitn

where CZ,,_ 11.n is the (n — m + 1)-th order statistic of
(CZ:,...,CZ,)

o Exclusion process:

CZ;, >CZ™" = w. =0
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Portfolio decarbonization
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Equity portfolios

Order-statistic approach (Cont'd)

The optimization problem is:

1
w* = argmini(w—b)TZ(W—b)

(1w =1
s.t. 4 wefll
0, <w<1 {cz < cz(mm}

Thierry Roncalli Course 2022-2023 in Sustainable Finance 74 /117




Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

Naive approach

We re-weight the remaining assets:

1 {CI,- < CI("””)} b,

Wi

S 1{CT, < cztmn . b,
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Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
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Equity portfolios

Example #5

We consider a capitalization-weighted equity index, which is composed of
eight stocks. Their weights are equal to 20%, 19%, 17%, 13%, 12%, 8%,
6% and 5%. The carbon intensities (expressed in tCOze/$ mn) are
respectively equal to 100.5, 97.2, 250.4, 352.3, 27.1, 54.2, 78.6 and
426.7. To evaluate the risk of the portfolio, we use the market one-factor
model: the beta 3; of each stock is equal to 0.30, 1.80, 0.85, 0.83, 1.47,
0.94, 1.67 and 1.08, the idiosyncratic volatilities ; are respectively equal
to 10%, 5%, 6%, 12%, 15%, 4%, 8% and 7%, and the estimated market
volatility o, is 18%.
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The covariance matrix is:
> =88"02 +D

where:
©Q [ is the vector of beta coefficients
@ o2 is the variance of the market portfolio

Q@ D = diag (5%,...,52) is the diagonal matrix of idiosyncratic
variances

Thierry Roncalli Course 2022-2023 in Sustainable Finance 77 /117



Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

Table 6: Optimal decarbonization portfolios (Example #b5, threshold approach)

R 0 10 20 30 40 50 | CZ;
Wy 20.00 2054 21.14 2186 2258  22.96 : 100.5
w3 19.00 1933 1929 18.7/0 18.11 17.23 | 97.2
w3 17.00 15.67 12091 3.06 3.22 0.00 : 250.4
wy 13.00 12.28 10.95 8.74 6.53 3.36 | 352.3
We 12.00 1226 12.60 13.0/ 13.53 14.08 : 27.1
Wy .00 11.71 16.42 2257  28.73 3477 , 54.2
w3 6.00 6.36 6.69 7.00 7.30 7.59 ' 78.6
Wy 5.00 1.86 0.00 0.00 0.00 0.00 : 426.7

o(w*|b) ~ 000 3001 61.90 104.10 149.65 196.87
CI(w) 16057 14452 128.46 11240 96.34  80.29
R(w|b) 000 10.00 20.00 30.00 40.00 50.00

The reduction rate and the weights are expressed in % whereas the tracking error

volatility is measured in bps
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Equity portfolios

Table 7: Optimal decarbonization portfolios (Example #b5, order-statistic

approach)
m 0 1 2 3 4 5 6 7 | CI;
Wy 20.00 20.40 22.35 26.46 0.00 0.00 0.00 0.00 : 100.5
w3 19.00 19.90 20.07 20.83 7.57 0.00 0.00 0.00 , 97.2
W3 17.00 17.94 21.41 0.00 0.00 0.00 0.00 0.00 : 250.4
wy 13.00 13.24 0.00 0.00 0.00 0.00 0.00 0.00 , 352.3
We' 12.00 12.12 12.32 12.79 13.04 1426 18.78 100.00 : 27.1
wg 8.00 10.04 17.14 32.38 74.66 75.12 81.22 0.00 , 54.2
W 6.00 6.37 6.70 7.53 473 10.62 0.00 0.00 ' 78.6
Wy 5.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 : 426.7

The reduction rate, the weights and the tracking error volatility are expressed in %
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Table 8: Optimal decarbonization portfolios (Example #05, naive approach)

m 0 1 2 3 4 5 6 7 | CI;
wy 20.00 21.05 2439 30.77 0.00 0.00 0.00 0.00 ! 100.5
W 19.00 20.00 23.17 29.23 4222 0.00 0.00 0.00 , 97.2
w3 17.00 1789 20.73 0.00 0.00 0.00 0.00 0.00 ! 250.4
wj 13.00 13.68 0.00 0.00 0.00 0.00 0.00 0.00 , 352.3
we 1200 1263 1463 1846 26.67 46.15 60.00 100.00 ' 27.1
wg 8.00 8.42 9.76 12.31 17.78 30.77 40.00 0.00 , 54.2
W 6.00 6.32 732  9.23 13.33 23.08 0.00 0.00 ' 78.6
wg 5.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 |, 426.7

. . . . . . . l
CZ (w) 160.57 146.57 113.95 78.26 68.38 47.32 3794 27.10 :
R (w | b) 0.00 8.72 29.04 5126 5741 7053 7637 83.12 !

The reduction rate, the weights and the tracking error volatility are expressed in %.
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Figure 2: Efficient decarbonization frontier (Example #5)
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Figure 3: Efficient decarbonization frontier of the interpolated naive approach
(Example #b5)

15+
= T'hreshold
‘ Order-statistic
- o= - Naive

o (w | b) (in bps)

10 20 30 40 50 60 70 80 90
R (w | b) (in %)

Thierry Roncalli Course 2022-2023 in Sustainable Finance 82 / 117




Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Bond portfolios

Example #6

We consider a debt-weighted bond index, which is composed of eight
bonds. Their weights are equal to 20%, 19%, 17%, 13%, 12%, 8%, 6%
and 5%. The carbon intensities (expressed in tCOse/$ mn) are
respectively equal to 100.5, 97.2, 250.4, 352.3, 27.1, 54.2, 78.6 and
426.7. To evaluate the risk of the portfolio, we use the modified duration
which is respectively equal to 3.1, 6.6, 7.2, 5, 4.7, 2.1, 8.1 and 2.6 years,
and the duration-times-spread factor, which is respectively equal to 100,
155, 575, 436, 159, 145, 804 and 365 bps. There are two sectors. Bonds
#1, #3, #4 and #8 belong to Sector; while Bonds #2, #5, #6 and
#7 belong to Sector,
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Bond portfolios

Table 9: Optimal decarbonization portfolios (Example #6, threshold approach)

DTS(w)  301.05 292.34 282.28 266.12 236.45 206.78
oas (w | b) 0.00 557 1231 19.82 30.04  43.58
oup(w|b) 000 001 004 017 049 081
oprs(w|b) 000 899 1929 3574 65.88  96.01

CI(w) 16057 14452 128.46 112.40 96.34  80.29

R (w | b) 0.00 10.00 20.00 30.00 40.00 50.00 '

R 0 10 20 30 40 50 | CZI;
wy 2000 2162 2393 2672 30.08 33.44 ' 100.5
w3 19.00 18.18 16.98 1418  7.88 158, 97.2
Wi 17.00 18.92 21.94 22,65 16.82  11.00 ' 250.4
Wy 13.00 1134 535 000  0.00 0.0, 352.3
Wi 12.00 13.72 16.14 21.63 33.89 46.14 1 27.1
we 8.00  9.60 10.47 10.06  7.21 436, 54.2
w3 6.00 556 5190 475 411 348 78.6
wg 500 105 0.00 000 000  0.00 ' 426.7
" ASsector 000 6.87 1549 24.07 31.97 4758

MD (w) 548 549 545 520 400 451

[

[

[

[

[

[

[

[
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Table 10: Optimal decarbonization portfolios (Example #6, order-statistic

CT (w) 160.57 147.94 12246  93.63 45.72  43.02 43.02 27.10
R (w | b) 0.00 (87 2374 4169 7153 7321 7321 83.12

approach)
m 0 1 2 3 4 5 6 7 | CI,
wy 20.00 20.83 24.62  64.64 0.00 0.00 0.00 0.00 ' 100.5
Wi 19.00 18.60 18.13  21.32 3.32 0.00 0.00 0.00 , 97.2
w3 17.00 17.79  26.30 0.00 0.00 0.00 0.00 0.00 ' 250.4
wy 13.00 14.53 0.00 0.00 0.00 0.00 0.00 0.00 | 352.3
we 12.00 12.89  13.96 6.00 36.57 4127  41.27 100.00 ' 27.1
W 8.00 9.74  11.85 0.00 60.11 5873 58.73 0.00 , 54.2
Wi 6.00 5.62 5.15 8.03 0.00 0.00 0.00 0.00 1 78.6
wg 5.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 | 426.7
~ ASsector  0.00 578 1972 49.00 76.68 80.00 80.00 88.00 1
MD (w) 5.48 5.52 5.54 4.77 3.27 3.17 3.17 4.70 |
. . I
I
I
. I
I
I
I
I
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Sector-specific constraints

Sector scenario

@ Decarbonization scenario per sector:
CZ (w; Sectorj) < (1 —R;)CI (b; Sector;)

@ We have: -
(Sj O (CI— CIf)) w < 0

where CZ; = (1 — R;) CL (b; Sector;)
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Sector-specific constraints

Sector scenario

QP form

Thierry Roncalli
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Sector-specific constraints

Sector scenario

Table 11: Carbon intensity and threshold in tCO2e/$ mn per GICS sector
(MSCI World, 2030)

Sector CZ (b; Sectorj) R; CI;

SC; 8Ci_, S8C®’; 8Ci3 | (in%) | SC, 8Ci» 8C*; 8Ci_3
Communication Services 2 28 134 172 | 52.4 1 13 64 82
Consumer Discretionary 23 65 206 590 52.4 11 31 98 281
Consumer Staples 28 55 401 929 52.4 13 26 191 442
Energy 632 698 1006 6823 | 56.9 272 301 434 2941
Financials 13 19 52 244 52.4 6 9 25 116
Health Care 10 22 120 146 | 52.4 5 10 57 70
Industrials 111 130 298 1662 18.8 90 106 242 1350
Information Technology 7 23 112 239 | 524 3 11 53 114
Materials 478 702 1113 2957 | 36.7 303 445 704 1872
Real Estate 22 101 167 571 36.7 14 64 106 361
Utilities 1744 1794 2053 2840 | 56.9 752 773 885 1224

“MSCIWorld | 130 163 310 992 | 366 | 82 103 196 629

Thierry Roncalli Course 2022-2023 in Sustainable Finance 88 / 117



Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Sector-specific constraints

Sector and weight deviation constraints (equity portfolio)

Q Asset weight deviation constraint:
Q:=C (mv_v,mjv) = {W :m, b<w< mjvb}
Q@ Sector weight deviation constraint:

Q.= Cg (m;, mj) == \V/j . ms_ Z b,' S Z Wi S mj Z b,'

i€Sector; i€Sector; i€Sector;

Q@ Co(ms) =Co(1/mg, my)
Q Cs(m,,mt ms)=Ci(m,,mi)NCo(ms)
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Sector-specific constraints

Sector and weight deviation constraints (bond portfolio)

© Modified duration constraint:

Q:=C; ={w:MD(w) =MD (b)} = {W:zn:(x;b;)MD,-:O}

i=1
Q@ DTS constraint

Q:=C,={w:DTS(w) =DTS(b)} = {W ; zn:(x,- — b;) DTS, = 0}

=1

@ Maturity/rating buckets:

Q:=qw: Z (x; —bj)) =0

i€ Bucket;

o Ci: Bucket; is the jth maturity bucket, e.g., 0-1, 1-3, 3-5, 5-7,
7-10 and 10+

@ C,: Bucket; is the j*™ rating category, e.g., AAA-AA (AAA, AA+,
AA and AA-), A (A+, A and A—) and BBB (BBB+, BBB, BBB—)
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Sector-specific constraints
HCIS constraint

Two types of sectors:
@ High climate impact sectors (HCIS):
“sectors that are key to the low-carbon transition” (TEG, 2019)
@ Low climate impact sectors (LCIS)

Let HCIS (W) = ) ;cpcis Wi be the HCIS weight of portfolio w:

HCIS (w) > HCLS (b)
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Sector-specific constraints
HCIS constraint

Table 12: Weight and carbon intensity when applying the HCIS filter (MSCI
World, June 2022)

Sector Index HCIS SCl 861_2 8C‘f33 801_3

b; bJ’- CT CT’ CI CT’ CI cT’ CT CT’
Communication Services 7.58 0.00 2 28 134 172
Consumer Discretionary 10.56  8.01 23 14 65 31 206 189 590 462
Consumer Staples 7.80 7.80 28 28 55 55 401 401 929 929
Energy 499 499 632 632 698 698 | 1006 1006 | 6823 6823
Financials 13.56  0.00 13 19 52 244
Health Care 14.15  9.98 10 13 22 26 120 141 146 177
Industrials 9.90 7.96 111 132 130 151 298 332 | 1662 1921
Information Technology 21.08 10.67 7 12 23 30 112 165 239 390
Materials 4.28 4.28 478 478 702 702 | 1113 1113 | 2957 2957
Real Estate 290 290 22 22 101 101 167 167 571 571
Utilities 321 321 | 1744 1744 | 1794 1794 | 2053 2053 | 2840 2840

“MSCl'World ~100.00 59.79 | 130 210 | 163 252 | 310 458 | 992 1498

Source: MSCI (2022), Trucost (2022) & Author’s calculations
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Empirical results (equity portfolios)

Figure 4: Boxplot of carbon intensity per sector (MSCI World, June 2022,
scope SCi_»2)

+
+
L.
3L =
R + + -
+ 7 + :
+ + -
» i i | + + | |
10 _ i El | + i % | |
- 1
i | | |
| | | |
10'F | | | | | | | |
: 1L I I
S I T
1 | | | | 1
100§' 1 | L 1 |
i | |
| |
107 | |
1 |
1 1 1 1 1 1 1 1 | 1 1
o o 3 ° @ © © 2 o
G\& S 'bQ\Q) (\& é)@ 0:2} \k@ C}OQ\\ é\rz} é\q} §\e
¢ 0 <& N & & & % R
S N N R o8 & N
5 & <8 & & & @
x© Q\e’ \}6\ Ne (\« <&
N o &
6\6\0 009,0 \0\6\
00 (@) \(\

Source: MSCI (2022), Trucost (2022) & Barahhou et al. (2022)

Thierry Roncalli Course 2022-2023 in Sustainable Finance 93 / 117



Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Empirical results (equity portfolios)

Figure 5: Boxplot of carbon intensity per sector (MSCI World, June 2022,
scope SC1_3)
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Equity portfolios

Barahhou et al. (2022) consider the basic optimization problem:

%(W—b)TZ(W—b)

[ eT(w)<(@-R)CZ(b)
>t { w e QpNS2

w* = argmin

What is the impact of constraints (g N Q7
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Equity portfolios

Figure 6: Impact of the carbon scope on the tracking error volatility (MSCI
World, June 2022, Cy constraint)

80

Source: MSCI (2022), Trucost (2022) & Barahhou et al. (2022)
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Equity portfolios

Table 13: Sector allocation in % (MSCI World, June 2022, scope SCi_3)

Sector Index Reduction rate R

30% 40% 50% 60% 70% 80% 90%
Communication Services 7.58 795 8.15 842 8.78 9.34 10.13 12.27
Consumer Discretionary | 10.56 | 10.69 10.69 10.65 10.52 10.23 0.62 6.74
Consumer Staples 7.80 780 769 748 7.11 6.35 5.03 1.77
Energy 499 | 414 365 310 245 150 049 0.00
Financials 13.56 | 1453 15.17 1594 1690 18.39 20.55 28.62
Health Care 14.15 | 14.74 15.09 1550 16.00 16.78 17.77 17.69
Industrials 0.90 9.28 9.01 871 8.36 7.79 7.21 6.03
Information Technology | 21.08 | 21.68 22.03 22.39 22.88 23.51 24.12 2402
Materials 4.28 3.78 346 3.06 2.56 1.85 1.14 0.24
Real Estate 2.90 3.12 3.27 341 3.57 3.72 3.71 2.51
Utilities 3.21 2.28 1.79 136 090 054 0.24 0.12

Source: MSCI (2022), Trucost (2022) & Barahhou et al. (2022)

Portfolio decarbonization = strategy long on Financials and short on
Energy, Materials and Utilities
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Equity portfolios

Figure 7: Impact of C; constraint on the tracking error volatility (MSCI World,
June 2022)

Source: MSCI (2022), Trucost (2022) & Barahhou et al. (2022)
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Equity portfolios

Figure 8: Impact of C» and Cs; constraints (MSCI World, June 2022)

Source: MSCI (2022), Trucost (2022) & Barahhou et al. (2022)
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Equity portfolios

Figure 9: Tracking error volatility with C3 (0, 10,2) constraint (MSCI World,
June 2022)
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Equity portfolios

First approach

@ The carbon footprint contribution of the m worst performing assets
IS:

oy i {ez;> ezimn} . pez,

CFC'™" =
a CI (b)

where CZ(™" — CZ, _mi1.n is the (n — m + 1)-th order statistic
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Equity portfolios

Figure 10: Carbon footprint contribution CFC™™ in % (MSCI World, June
2022, first approach)
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Source: MSCI (2022), Trucost (2022) & Author’s calculations
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Equity portfolios

Second approach

@ Another definition:

S 1{cze; > cze™n - hex,
cFelmn = —
C1 (b)

where CZC; = b;CZ; and CZC'™" = CZCp_mi1:n
@ Weight contribution:

n

welmn — 37 {czc,- > cz(,’(m’")} . b;

=1
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Equity portfolios

Figure 11: Carbon footprint contribution CFC™™ in % (MSCI World, June
2022, second approach)

N SCi_s
7571
60 r
45 1
307
157
0
0 10 20 30 40 50
m
scw, SCi_s
757 757
60 | 60 r
45 45t
30t 307
151 15+
0 0
0 10 20 30 40 50 0 10 20 30 40 50
m m

Source: MSCI (2022), Trucost (2022) & Author’s calculations

Thierry Roncalli Course 2022-2023 in Sustainable Finance 104 / 117



Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

Table 14: Carbon footprint contribution CFC™" in % (MSCI World, June
2022, second approach, SC1_3)

S m

ector 1 5 10 25 50 75 100 200
Communication Services 0.44 044 0.73
Consumer Discretionary 0.78 1.37 244 293 428
Consumer Staples 246 246 246 375 444 492 562
Energy 9.61 17.35 23.78 29.56 31.78 33.02 33.89
Financials 0.72 1.53 1.88
Health Care 0.21 0.37
Industrials 2.16 5.59 7.13 8.70 9.48 13.05
Information Technology 0.98 1.58 1.94 215 3.30
Materials 4.08 408 4.08 5.81 7.31 8.81 9.59 10.75
Real Estate 0.77 0.77 0.77 0.85
Utilities 0.81 3.20 3.89 524  7.98

“Total | 408 16.15 26.06 4021 54.66 63.94 70.29 82.70

Source: MSCI (2022), Trucost (2022) & Author's calculations
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Equity portfolios

Table 15: Weight contribution welmn) in 9% (MSCI World, June 2022, second
approach, 8Ci_3)

Sector b m
(in %) 1 5 10 25 50 75 100 200
Communication Services 7.58 0.08 0.08 3.03
Consumer Discretionary 10.56 058 179 244 451 5.89
Consumer Staples 7.80 0.70 0.70 070 190 250 2.84 3.84
Energy 4.99 1.71 225 296 3.62 399 433 465
Financials 13.56 0.74 1.17 2.33
Health Care 14.15 0.95 1.34
Industrials 9.90 0.06 032 070 096 120 4.12
Information Technology 21.08 0.16 470 842 8.78 11.62
Materials 428 1 0.29 029 029 047 088 1.10 140 1.87
Real Estate 2.90 0.0 0.05 0.05 0.23
Utilities 3.21 031 086 1.04 131 233
“Total | 1029 271 330 549 1450 21.32 26.63 41.24

Source: MSCI (2022), Trucost (2022) & Author's calculations

Thierry Roncalli Course 2022-2023 in Sustainable Finance 106 / 117



Portfolio decarbonization
Climate portfolio allocation Net zero portfolio alignment
Core satellite approach

Equity portfolios

@ The order-statistic optimization problem is:

1
w* = argmini(w—b)TZ(W—b)

. 1'w=1
S.T. On S W S W(m’n)

where the upper bound w{™" is equal to 1 {CI < CI(’"’”)} for the
first ordering approach and 1 {CIC < CZC('"’”)} for the second

ordering approach
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Equity portfolios

@ [he naive method is:

. eib;

D DN
where e; is defined as 1 {CI,- < CI('"’”)} for the first ordering

approach and 1 {CIC,- < CIC(’"’”)} for the second ordering
approach
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Figure 12: Tracking error volatility (MSCI World, June 2022, SC;_3, first
ordering method)
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Figure 13: Tracking error volatility (MSCI World, June 2022, SC;_3, second
ordering method)
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Bond portfolios

The optimization problem is:

1 n NS ector

W = argmin§Z|W;—b;|—|—50; Z (w; — b;) DTS;
=

i=1 i€Sector;

<t CZ(w)<(1-—R)CZI(b)
o weCoNCiNCiNCy
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Bond portfolios

Figure 14: Impact of the carbon scope on the active share in % (ICE Global
Corp., June 2022)
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Bond portfolios

Figure 15: Impact of the carbon scope on the DTS risk in bps (ICE Global
Corp., June 2022)
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Source: ICE (2022), Trucost (2022) & Barahhou et al. (2022)
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Table 16: Sector allocation in % (ICE Global Corp., June 2022, scope SCi_3)

Sector Index Reduction rate R

30% 40% 50% 60% 70% 80% 90%
Communication Services | 7.34 73 734 737 743 743 731 7.30
Consumer Discretionary | 5.97 597 596 594 593 546 448 3.55
Consumer Staples 6.04 6.04 6.04 604 6.04 6.02 539 4.006
Energy 6.49 549 442 384 369 323 258 252
Financials 3391 | 34.64 3566 3596 36.09 37.36 38.86 39.00
Health Care 7.50 750 750 750 750 750 752 7.48
Industrials 8.92 9.38 9.62 10.19 11.34 12.07r 13,55 18.13
Information Technology 5.57 557 559 559 560 560 552 527
Materials 3.44 343 331 318 312 264 225 1.86
Real Estate 4.76 474 474 474 474 466 461 3.93
Utilities 10.06 | 9.89 9.82 964 852 804 792 6.88

Source: ICE (2022), Trucost (2022) & Barahhou et al. (2022)
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